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Finding the exact solutions of nonlinear evolution equations
(NLEEs) plays an important role in the study of many physical
phenomena in various ﬁelds such as ﬂuid mechanics, solid-
state physics, plasma physics, chemical physics, optical ﬁber,
and geochemistry. Thus, it is important to investigate the exact
explicit solutions of NLEEs.
In recent years, various powerful methods have been pre-
sented for ﬁnding exact solutions of the NLEEs in mathemat-
ical physics, such as modiﬁed simple equation method [1],
extended F-expansion method [2], tanh-sech method [3–6], ex-251508.
z.ac.ir (M. Eslami), fathi@
mirzazadehs2@guilan.ac.ir
Shams University.
g by Elsevier
ng by Elsevier B.V. on behalf of A
05tended tanh method [7–10], sine–cosine method [11–13], and
the transformed rational function method [14] were used to de-
velop nonlinear dispersive and dissipative problems.
Tascan et al. [15] used the ﬁrst integral method to solve the
modiﬁed Zakharov–Kuznetsov (mZK) equation in the follow-
ing form
ut þ u2ux þ ðuxx þ uyyÞx ¼ 0;
and obtained the exact solutions of this equation in the follow-
ing form
uðx; y; tÞ ¼ A tan B xþ y 2
ﬃﬃﬃ
3
p
3
iA0tþ c0
 !" #
;
uðx; y; tÞ ¼ iC tan
ﬃﬃﬃ
3
p
6
C xþ y C
2
3
tþ c0
 " #
;
where
A ¼  2
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 !1
2
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A0i
 1
2
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222 M. Eslami et al.The Zakharov–Kuznetsov (ZK) equation, which is a more iso-
tropic two-dimensional, was ﬁrst derived for describing weakly
nonlinear ion-acoustic waves in a strongly magnetized lossless
plasma in two dimensions [16]. Also in the context of plasma
physics, Schamel [17] derived the (2+1)-dimensional equation
ut þ u12ux þ bðuxx þ uyyÞx ¼ 0;
that describes ion-acoustic waves in a cold-ion plasma but
where the electrons do not behave isothermally during their
passage of the wave. Munro and Parkes [18,19] showed that
if the electrons are non-isothermal, the governing equation
of the ZK equation is a modiﬁed form, referred to as the
mZK equation. They also showed that with an appropriate
modiﬁed form of the electron number density proposed by
Schamel [17], a reductive procedure leads to a modiﬁed form
of the ZK equation
16ut þ 20 u32
 
x
þ ðuxx þ uyyÞx ¼ 0: ð1Þ
More details are presented in [20]. Wazwaz [20] proposed the
extended tanh method to solve the Eq. (1) as well as obtained
the following exact solutions of this equation in the following
form
uðx; y; tÞ ¼ c2sech4
ﬃﬃﬃ
c
2
r
ðxþ y ctÞ
 
;
uðx; y; tÞ ¼ c2csch4
ﬃﬃﬃ
c
2
r
ðxþ y ctÞ
 
:
The homogeneous balance (HB) method , which is a direct and
effective algebraic method for the computation of exact travel-
ing wave solutions, was ﬁrst proposed by Wang [21,22]. This
method was further developed by many authors in [23–30].
Fan [23] used HB method to search for Backlund transfor-
mation and similarity reduction in nonlinear partial differen-
tial equations. Also, he showed that there is a close
connection among the HB method, Weiss, Tabor, Carnevale
(WTC) method and Clarkson, Kruskal (CK) method.
Based upon the well-known Riccati equation, the HB meth-
od proposed by Wang is to ﬁnd exact solutions of certain non-
linear PDEs. Recently, Fan [24] developed a new algebraic
method to seek more new solitary wave solutions of NPDEs
that can be expressed as a polynomal in an element which sat-
isﬁes a more general Riccati equation. Compared with most of
the existing HB methods, the proposed method in [24] not only
gives a uniﬁed formulation to construct various traveling wave
solutions, but also provides a guideline to classify the various
types of the traveling wave solutions according to the values of
some parameters.
El-Wakil et al. [25,26] used the homogeneous balance meth-
od an auto-Backlund transformation for the generalized shal-
low water wave equation and generalized variable coefﬁcient
2D KdV equation and a new exact solitary wave solutions
are obtained. However, they are restricted because the difﬁ-
culty of ﬁnding solutions of ansatz equations, such as the Ricc-
ati equation. In this paper, the homogeneous balance method
is used to construct exact traveling wave solutions of the Eq.
(1) by using the Riccati equation /0 = a/2 + b/+ c.
For the Eq. (1), let us consider the traveling wave solutions
uðx; y; tÞ ¼ uðnÞ; n ¼ kðxþ y s1tÞ; ð2Þ
where k and s1 are constants.Substituting (2) into (1), then (1) is reduced to the following
nonlinear ordinary differential equation
16s1u0 þ 20 u32
 0
þ 2k2u000 ¼ 0; ð3Þ
By integrating (3) and neglecting the constant of integration,
we obtain
16s1uþ 20u32 þ 2k2u00 ¼ 0: ð4Þ
We now look for the solutions of (4) in the form
u ¼
Xm
i¼0
ai/
i; ð5Þ
where ai are constants to be determined later and / satisfy the
Riccati equation
/0 ¼ a/2 þ b/þ c; ð6Þ
where a, b, and c are constants.
Balancing u00 with u
3
2 in (4) gives
mþ 2 ¼ 3
2
m;
so that
m ¼ 4:
Thus, the extended homogeneous balance method admits the
following solution
u ¼
X4
i¼0
ai/
i ¼ a0 þ a1/þ a2/2 þ a3/3 þ a4/4;
which can be rewritten in this case in the following form (see
Ref. [20])
u ¼
X2
i¼0
ai/
i
( )2
; ð7Þ
where a0,a1 and a2 are constants to be determined and / satisfy
the Eq. (6).
Substituting Eqs. (7) and (6) into Eq. (4), and equating the
coefﬁcients of like powers of /i(i= 6,5,4,3,2,1,0) to zero
yields a set of algebraic system for a0,a1,a2,k and s1
40k2a2a22 þ 20a32 ¼ 0;
60a1a
2
2 þ 48k2a2a1a2 þ 72k2aba22 ¼ 0;
 16s1a22 þ 60a0a22 þ 2k2ð32acþ 16b2Þa22 þ 60a21a2 þ 76k2aba1a2
þ 24a2a0a2 þ 12k2a2a21 ¼ 0;
20a31 þ 20k2aba21 þ 120a0a1a2  32s1a1a2 þ 8k2a2a0a1
þ 36k2ð2acþ b2Þa1a2 þ 40k2aba0a2 þ 56k2bca22 ¼ 0;
60a0a
2
1  16s1a21 þ 2k2ð4b2 þ 8acÞa21 þ 60k2bca2a1 þ 12k2aba0a1
þ 60a2a20 þ 16k2ð2acþ b2Þa0a2 þ 24k2c2a22  32da0a2 ¼ 0;
12k2bca21 þ 60a20a1  32s1a0a1 þ 24k2c2a2a1 þ 4k2ð2acþ b2Þa0a1
þ 24k2bca0a2 ¼ 0;
 16s1a20 þ 20a30 þ 4k2c2a21 þ 4k2bca0a1 þ 8k2c2a0a2 ¼ 0:
ð8Þ
For which, with the aid of Maple, we ﬁnd
a0 ¼ 2k2ac; a1 ¼ 2k2ab; a2 ¼ 2k2a2; s1
¼ k2 b
2
2
 2ac
 
: ð9Þ
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homogeneous balance method as follows:
Case: I. Let / ¼Pmi¼0bitanhin. Balancing /0 with /2 in Eq.
(6) gives
mþ 1 ¼ 2m;
so that
m ¼ 1;
leads to
/ ¼ b0 þ b1 tanh n: ð10Þ
Substituting Eq. (10) into Eq. (6), we obtain the following
solution of Eq. (6)
/ ¼  1
2a
ðbþ 2 tanh nÞ; ac ¼ b
2
4
 1: ð11Þ
Substituting Eqs. (9) and (11) into (2) and (7), we get the fol-
lowing traveling wave solutions of the modiﬁed Zakharov–
Kuznetsov Eq. (1):
uðx;y;tÞ¼4k4a2 c b
2
4a
þ1
a
tanh2 kðxþyk2 b
2
2
2ac
 
tÞ
 	 
2
¼4k4sech4ðkðxþy2k2tÞÞ:
ð12Þ
Similarly, let / ¼Pmi¼0bicothin, then we obtain the following
traveling wave soliton solutions of the modiﬁed Zakharov–
Kuznetsov Eq. (1):
uðx;y; tÞ ¼ 4k4a2 c b
2
4a
þ 1
a
coth2 k xþ y k2 b
2
2
 2ac
 
t
  	 
2
¼ 4k4csch4ðkðxþ y 2k2tÞÞ:
ð13Þ
Case: II. when a= 1, b= 0, the Riccati Eq. (6) has the fol-
lowing solutions
/ ¼  ﬃﬃﬃﬃﬃﬃcp tanh ﬃﬃﬃﬃﬃﬃcp n ; c < 0;
/ ¼  1
n
; c ¼ 0;
/ ¼ ﬃﬃcp tan ﬃﬃcp n ; c > 0:
ð14Þ
From (7), (9) and (14), we have the following new traveling
wave solutions of the modiﬁed Zakharov–Kuznetsov Eq. (1)
which contain traveling wave solutions, periodic wave solu-
tions, and rational solutions as follows:
When c< 0, we have the following traveling wave (soliton-
like) solutions of the modiﬁed Zakharov–Kuznetsov Eq. (1):
uðx;y;tÞ¼4k4a2 cb ﬃﬃﬃﬃﬃﬃcp tanh ﬃﬃﬃﬃﬃﬃcp k xþyk2 b2
2
2ac
 
t
   	
actanh2 ﬃﬃﬃﬃﬃﬃcp k xþyk2 b2
2
2ac
 
t
   
2
; ð15Þ
When c= 0, we have
uðx;y;tÞ¼4k4a2  b
k xþy b2k2
2
t
  þ a
k xþy b2k2
2
t
  2
8><
>:
9>=
>;
2
;
ð16Þ
When c> 0, we have the following traveling wave (periodic-
like) solutions of the modiﬁed Zakharov–Kuznetsov Eq. (1):uðx;y; tÞ ¼ 4k4a2 cþ b ﬃﬃcp tan ﬃﬃcp k xþ y k2 b2
2
 2ac
 
t
   	
þtan2 ﬃﬃcp k xþ y k2ðb2
2
 2acÞt
   
2
; ð17Þ
Case: III. We suppose that the Riccati Eq. (6) have the fol-
lowing solutions of the form:
/ ¼ A0 þ
Xm
i¼1
sinhi1ðAi sinhxþ Bi coshxÞ; ð18Þ
where dx
dn ¼ sinhx or dxdn ¼ coshx. It is easy to ﬁnd that m= 1
by balancing /0 and /2. So we choose
/ ¼ A0 þ A1 sinhxþ B1 coshx; ð19Þ
when dx
dn ¼ sinhx, we substitute (19) and dxdn ¼ sinhx, into (6)
and set the coefﬁcients of sinhix coshix(i= 0, 1, 2; j= 0, 1)
to zero. A set of algebraic equations is obtained as follows:
aA20 þ aB21 þ bA0 þ c ¼ 0;
2aA0A1 þ bA1 ¼ 0;
aA21 þ aB21  B1 ¼ 0;
2aA0B1 þ bB1 ¼ 0;
2aA1B1 þ A1 ¼ 0;
for which, we have the following solutions:
A0 ¼  b
2a
; A1 ¼ 0; B1 ¼ 1
a
; ð20Þ
where c ¼ b24
4a
, and
A0 ¼  b
2a
; A1 ¼ 
ﬃﬃﬃﬃﬃ
1
2a
r
; B1 ¼ 1
2a
; ð21Þ
where c ¼ b21
4a
.
To dx
dn ¼ sinhx, we have
sinhx ¼ cschn; coshx ¼ cothn: ð22Þ
From (20)–(22), we obtain
/ ¼  bþ 2cothn
2a
; ð23Þ
where c ¼ b24
4a
, and
/ ¼  b cschnþ cothn
2a
; ð24Þ
where c ¼ b21
4a
.
From Eqs. 7, 9, 23 and 24, we get the following traveling
wave solutions of the modiﬁed Zakharov–Kuznetsov Eq. (1):
uðx;y;tÞ¼4k4a2 c b
2
4a
þ1
a
coth2 k xþyk2 b
2
2
2ac
 
t
  	 
2
¼4k4csch4ðkðxþy2k2tÞÞ;
ð25Þ
where c ¼ b24
4a
, and
uðx;y;tÞ¼4k4a2 c b
2a
bcsch k xþyk2 b
2
2
2ac
 
t
  	
þcoth k xþyk2 b
2
2
2ac
 
t
  
þ 1
4a
bcsch k xþyk2 b
2
2
2ac
 
t
  
þcoth k xþyk2 b
2
2
2ac
 
t
  2)2
; ð26Þ
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4a
.
Similarly, when dx
dn ¼ coshx, we obtain the following travel-
ing wave (periodic-like) solutions of the modiﬁed Zakharov–
Kuznetsov Eq. (1):
uðx;y;tÞ¼4k4a2 c b
2
4a
þ1
a
cot2 k xþyk2 b
2
2
2ac
 
t
  	 
2
¼4k4csc4ðkðxþy2k2tÞÞ;
ð27Þ
where c ¼ b24
4a
, and
uðx;y;tÞ¼4k4a2 c b
2a
bcsc k xþyk2 b
2
2
2ac
 
t
  	
þcot k xþyk2 b
2
2
2ac
 
t
  
þ 1
4a
bcsc k xþyk2 b
2
2
2ac
 
t
  
þcot k xþyk2 b
2
2
2ac
 
t
  2)2
; ð28Þ
where c ¼ b21
4a
.
Remark 1. If b= 0, then the Riccati Eq. (6) reduces to the
Riccati equation
/0 ¼ a/2 þ c; ð29Þ
which the Eq. (29) is the special case of the Riccati Eq. (6).
Remark 2. If c= 0, then the Riccati Eq. (6) reduces to the
Bernoulli equation
/0 ¼ a/2 þ b/: ð30Þ
The solution of the Bernoulli Eq. (30) can be written in the
following form [31]:
/ ¼ b cosh½bðnþ n0Þ þ sinh½bðnþ n0Þ
1 a cosh½bðnþ n0Þ  a sinh½bðnþ n0Þ
	 

; ð31Þ
with n0 is a constant of integration.
From Eqs. 7, 9 and 31, we obtain the following new travel-
ing wave solutions of the modiﬁed Zakharov–Kuznetsov Eq.
(1):
uðx;y;tÞ¼ 2k2ac2k2ab2 cosh½bðnþn0Þþsinh½bðnþn0Þ
1acosh½bðnþn0Þasinh½bðnþn0Þ
	 
	
2k2a2b2 cosh½bðnþn0Þþsinh½bðnþn0Þ
1acosh½bðnþn0Þasinh½bðnþn0Þ
	 
2)2
; ð32Þ
where
n ¼ k xþ y k2 b
2
2
 2ac
 
t
 
:
Remark 3. Also, the Riccati Eq. (6) admits the following exact
solution [31]:
/ ¼  b
2a
 h
2a
tanh
h
2
n
 
þ sechð
h
2
nÞ
C cosh h
2
n
  2ah sinh h2 n  ; ð33Þwhere h2 = b2  4ac and C is a constant of integration.
From Eqs. 7, 9 and 33, we obtain the following new travel-
ing wave solutions of the modiﬁed Zakharov–Kuznetsov Eq.
(1):
uðx; y; tÞ ¼ 2k2ac 2k2ab  b
2a
 h
2a
tanh
h
2
n
 		
þ sech
h
2
n
 
C cosh h
2
n
  2ah sinh h2 n 
)
 2k2a2  b
2a
 h
2a
tanh
h
2
n
 	
þ sech
h
2
n
 
C cosh h
2
n
  2ah sinh h2 n 
)29=
;
2
; ð34Þ
where
n ¼ k xþ y k2 b
2
2
 2ac
 
t
 
:
Comparing our results with Wazwaz’s results [20], then it can
be seen that the some results are new.
Remark 4. In this work, we obtained the exact solutions of the
modiﬁed Zakharov–Kuznetsov equation by using the HB
method. The efﬁciency of this method is demonstrated. The
new exact solutions of the modiﬁed Zakharov–Kuznetsov
equation are obtained. The solutions obtained may be signif-
icant and important for the explanation of some practical
physical problems. The method may also be applied to other
nonlinear partial differential equations.
We now summarize the key steps as follows:
Step 1: For a given nonlinear evolution equation
Fðu; ut; ux; uxt; utt; . . .Þ ¼ 0; ð35Þ
we consider its traveling wave solutions u(x, t) = u(n),
n= kx+ lt, then Eq. (35) is reduced to an nonlinear ordinary
differential equation
Qðu; u0; u00; u000; . . .Þ ¼ 0; ð36Þ
where a prime denotes d
dn.
Step 2: For a given ansatz equation (for example, the ansatz
equation is /0 = a/2 + b/+ c in this paper), the
form of u is decided, and the homogeneous balance
method is used on Eq. (36) to ﬁnd the coefﬁcients
of u.
Step 3: The homogeneous balance method is used to solve the
ansatz equation.
Step 4: Finally, the traveling wave solutions of Eq. (35) are
obtained by combining steps 2 and 3.Acknowledgment
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